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NOTE ON SAMELSON PRODUCTS IN EXCEPTIONAL LIE GROUPS
DAISUKE KISHIMOTO, AKIHIRO OHSITA, AND MASAHIRO TAKEDA
Abstract. We determine (non-)triviality of Samelson products of inclusions of factors of
the mod p decomposition of G(p) for (G, p) = (E7, 5), (E7, 7), (E8, 7). This completes the
determination of (non-)triviality of those Samelson products in p-localized exceptional Lie
groups when G has p-torsion free homology.
1. Introduction
Let X be a homotopy associative H-space with inverse. Recall that the Samelson product
of maps α : A→ X and β : B → X is defined by
〈α, β〉 : A ∧B → X, (a, b) 7→ α(a)β(b)α(a)−1β(b)−1.
Samelson products are fundamental in the study of H-spaces, and have been studied in-
tensely. Let G be a compact connected Lie group. It is well known that if we localize at
the prime p, then G admits a product decomposition
G ≃(p) B1 × · · · ×Bp−1
whenever H∗(G;Z) is p-torsion free (see [9]). This decomposition is called the mod p
decomposition of G. Clearly, the most important Samelson products in a p-localized Lie
group G(p) are those of inclusions Bi → G(p), which we call basic Samelson products.
Basic Samelson products in p-localized exceptional Lie groups are studied in [2, 3, 5, 6,
8], and in particular, their (non-)triviality is completely determined for quasi-p-regular
exceptional Lie groups, where each Bi in the mod p decomposition is an H-space of rank
≤ 2. Then the only remaining cases are as in the following table.
Lie group Prime Mod p decomposition
E7 p = 5 B(3, 11, 19, 27, 35) ×B(15, 23)
p = 7 B(3, 15, 27) ×B(11, 23, 35) × S19
E8 p = 7 B(3, 15, 27, 39) ×B(23, 35, 47, 59)
2010 Mathematics Subject Classification. 55Q15, 57T10.
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Here B(n1, . . . , nr) is an indecomposable space such that
H∗(B(n1, . . . , nr);Z/p) = Λ(x1, . . . , xr), |xi| = ni.
In this paper, we determine (non-)triviality of basic Samelson products in the above three
cases to complete the determination of (non-)triviality of basic Samelson products in p-
localized exceptional Lie groups.
Theorem 1.1. For p = 5, 7, all basic Samelson products in (E7)(p) are non-trivial.
Theorem 1.2. Let ǫ1 : B(3, 15, 27, 39) → (E8)(7) and ǫ2 : B(23, 35, 47, 59) → (E8)(7) denote
inclusions. Then
〈ǫ1, ǫ1〉 = 0, 〈ǫ1, ǫ2〉 6= 0, 〈ǫ2, ǫ2〉 6= 0.
Acknowledgement: The first author is supported by JSPS KAKENHI No. 17K05248.
2. Mod 7 cohomology of BE8
Throughout this paper, cohomology is taken over the field Z/p, where p is an odd prime.
Let p be a prime > 5. Then the mod p cohomology of the classifying space BE8 is given by
H∗(BE8) = Z/p[x4, x16, x24, x28, x36, x40, x48, x60], |xi| = i
and the mod p cohomology of the classifying space BSpin(2m) is given by
H∗(BSpin(2m)) = Z/p[p1, . . . , pm−1, em]
where pi and em denote the Pontrjagin class and the Euler class, respectively. As in [1],
there is a natural map i : Spin(16) → E8. In [3, 4], an explicit choice of generators xi of
the mod p cohomology of BE8 are made through this natural map. In particular, one has:
Lemma 2.1. Generators xi of the mod p cohomology of BE8 can be chosen such that
i∗(x4) = p1
i∗(x16) = 12p4 −
18
5
p3p1 + p
2
2 +
1
10
p2p
2
1 + 168e8
i∗(x24) ≡ 60p6 − 5p5p1 − 5p4p2 + 3p
2
3 +
5
36
p32 + 110p2e8 mod (p
2
1)
i∗(x28) ≡ 480p7 + 40p5p2 − 12p4p3 − p3p
2
2 + 312p3e8 mod (p1)
i∗(x36) ≡ 480p7p2 + 72p6p3 − 30p5p4 mod (p1) + I
3
i∗(x40) ≡ 480p7p3 + 50p
2
5 mod (p1) + I
3
i∗(x48) ≡ −200p7p5 − 60p7p3p2 + 3p6p
2
3 mod (p1) + I
4
i∗(x60) ≡ 144p7p5p3 − 5p
3
5 +
3
2
p25p3p2 −
89
1440
p5p
2
4p2 −
229
1600
p5p4p
2
3 mod (p1) + I
5
where I = H˜∗(BSpin(16)).
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If a polynomial P includes a monomial M , then we write P > M .
Lemma 2.2. In H∗(BE8) for p = 7, P
1x40 is decomposable such that
P1x40 > −3x28x24.
Proof. By a degree reason, P1x40 is decomposable. Recall from [10] that there is the mod
p Wu formula in H∗(BSpin(2m))
(2.1) P1pn =
∑
i1+2i2+···+mim=n+
p−1
2
(−1)i1+···+im+
p+1
2
(i1 + · · ·+ im − 1)!
i1! · · · im!
×
(
2n− 1−
∑n−1
j=1 (2n + p− 1− 2j)ij
i1 + · · · + im − 1
)
pi11 · · · p
im
m
where pm = e
2
m. Then P
1x16 is decomposable. Then P
1(p7p3) > −5p7p6, and so by Lemma
2.1, P1i∗(x40) > −2400p7p6. Thus by Lemma 2.1, P
1x40 > −3x28x24. 
We make an alternative choice of generators of the mod 7 cohomology of BE8.
Lemma 2.3. The mod 7 cohomology of BE8 is given by
H∗(BE8) = Z/7[y4, y16, y24, y28, y36, y40, y48, y60], |yi| = i
such that
P1y24 = y36, P
1y36 = y48, P
1y48 = y60, P
1y60 > 2y48y24.
Proof. By Lemma 2.1, we can choose y24 such that i
∗(y24) does not include p4p
2
1. Then we
choose y24 such that
i∗(y24) ≡ 60p6 − 5p5p1 − 5p4p2 + 3p
2
3 +
5
36
p32 + 110p2e8 mod I
4 + (p21)
where I = H˜∗(BSpin(16)). As in [9], the mod 7 cohomology of B(23, 35, 47, 59) is given by
H∗(B(23, 35, 47, 59)) = Λ(z23,P
1z23, (P
1)2z23, (P
1)3z23), |z23| = 23.
Then we can choose y36 = P
1y24, y48 = P
1y36, y60 = P
1y48. In particular, we can see from
(2.1) that
i∗(y48) ≡ p7p5 + p7p4p1 + p7p3p2 + 2p
2
6 + 2p6p5p1
+ 2p6p4p2 + 4p6p
2
3 + 2p
2
5p2 − 2p5p4p3 − p
3
4
P1i∗(y60) ≡ −2p
2
7p4 + p7p6p5 + 3p
3
6 mod I
4 + (e8).
Thus by looking at the term p7p6p5 in P
1i∗(y60), we obtain P
1y60 > 2y48y24. 
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3. Mod 5 and 7 cohomology of BE7
In [2, 4, 3, 6], informations of the mod p cohomology of BE7 for p > 5 is obtained from
BE8 through the inclusion E7 → E8. However, we need the mod 5 cohomology of BE7, and
so we calculate the mod p cohomology of BE7 for p > 3 from full scratch. Let e1, . . . , e8
denote the dual of the standard basis of R8. Then the Dynkin diagram of E7 is given by
α1345672
such that
α1 =
1
2
(e1+e8)−
1
2
(e2+e3+e4+e5+e6+e7), α2 = e1+e2, αi = ei−1−ei−2 (3 ≤ i ≤ 7)
where the Lie algebra of a maximal torus T of E7 is identified with {(x1, . . . , x8) ∈ R
8 |
x7 + x8 = 0}.
Let p be a prime > 3. Then there is an isomorphism
H∗(BE7) ∼= H
∗(BT )W
where W denotes the Weyl group of E7. Hence we calculate the invariant ring of W on
the right hand side. Since the center of E7 is isomorphic with Z/2, α1, . . . , α7 generates
H∗(BT ). Set t1 = −e1, t8 = −e8 and ti = ei for 2 ≤ i ≤ 7. Then one gets
H∗(BT ) = Z/p[t1, . . . , t8]/(t7 − t8).
Let ϕi denote the reflection corresponding to αi for 1 ≤ i ≤ 7. Then the Weyl group W is
generated by ϕ1, . . . , ϕ7. Let G be a subgroup of W generated by ϕi for 2 ≤ i ≤ 7. Then
H∗(BT )G = Z/p[t7, t8, p1, . . . , p5, e6]/(t7 − t8)
where pi is the i-th symmetric polynomial in t
2
1, . . . , t
2
6 and e6 = t1 · · · t6, and so
H∗(BT )W = (Z/p[t7, t8, p1, . . . , p5, e6]/(t7 − t8))
ϕ1 .
Thus we investigate the invariant ring on the right hand side.
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We define elements of H∗(BT )G by
x¯4 = p1
x¯12 = −6p3 + p2p1 + 60e6
x¯16 = 12p4 + p
2
2 −
1
2
p2p
2
1 − 36p1e6
x¯20 = p5 − p2e6
x¯24 = p4p2 −
1
36
p32 − 12p3e6 + 3p2p1e6 + 48e
2
6
x¯28 = p5p2 − 3p4e6 −
1
4
p22e6
x¯36 = p5p
2
2 − 6p4p2e6 + 36p3e
2
6 −
1
2
p32e6 − 72e
3
6
which will turn out to represent generators of H∗(BE7). Let ci denote the i-the symmetric
polynomial in t1, . . . , t8 for 1 ≤ i ≤ 8, and let qi denote the i-the symmetric polynomial in
t21, . . . , t
2
8 for 1 ≤ i ≤ 8. Then
qi ≡ pi, c6 ≡ e6 mod (t7).
It is easy to see that
ϕ1(ti) = ti −
1
4
(t1 + · · ·+ t8)
for 1 ≤ i ≤ 8. Then the ideal (c1, t7)
2 of H∗(BT ) is stable under the action of ϕ1. Hence
we calculate elements of H∗(BT )G which are invariant by ϕ1 modulo (c1, t7)
2. Since
8∑
i=0
ϕ1(ci) =
8∏
i=1
(1 + ϕ1(ti)) =
8∏
i=1
(
1 + ti −
1
4
c1
)
=
8∑
i=0
(
1−
1
4
c1
)8−i
ci
where c0 = 1, one has
(3.1)
ϕ1(c1) = −c1, ϕ1(c2) = c2,
ϕ1(ci) ≡ ci −
8− i+ 1
4
ci−1c1 mod (c
2
1) (3 ≤ i ≤ 8).
Then, in particular, ϕ1(q1) = q1, and so one gets:
Lemma 3.1. If x ∈ H4(BT )G satisfies ϕ1(x) ≡ x mod (c1, t7)
2, then for some a ∈ Z/p,
x ≡ ax¯4 mod (t7).
Since
(3.2) qi = c
2
i − 2ci−1ci+1 + 2ci−2ci+2 + · · ·+ (−1)
i2c2i,
it follows from (3.1) that
ϕ1(qi) ≡ qi + dic1 mod (c
2
1)
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for 2 ≤ i ≤ 7 such that
(3.3)
d2 =
3
2
c3 d3 = −
1
2
(5c5 + c3c2)
d4 =
1
2
(7c7 + 3c5c2 − c4c3) d5 = −
1
2
(5c7c2 − 3c6c3 + c5c4)
d6 = −
1
2
(5c8c3 − 3c7c4 + c6c5) d7 =
1
2
(3c8c5 − c7c6).
One also has
ϕ1(e6) ≡ e6 −
1
4
c5c1 mod (c1, t7)
2.
Lemma 3.2. If yi ∈ H
i(BT )G satisfies ϕ1(yi) ≡ x mod (c1, t7)
2 for i = 12, 16, then for
some a, b, a′, b′, c′ ∈ Z/p,
y12 ≡ ax¯12 + bx¯
3
4
y16 ≡ a
′x¯16 + b
′x¯12x¯4 + c
′x¯44 mod (t7).
Proof. Suppose that y12 ∈ H
12(BT )G satisfies ϕ1(y12) ≡ y12 mod (c1, t7)
2. Then we can
set y12 = a1q3 + a2q2q1 + a3e6 by Lemma 3.1. It follows from (3.2) and (3.3) that
ϕ1(y12) ≡ y12 +
(
−
5
2
a1 −
1
4
a3
)
c5c1 +
(
−3a2 −
1
2
a1
)
c3c2c1 mod (c1, t7)
2.
Then y12 is a multiple of x¯12, and thus the first congruence holds.
Suppose that y16 ∈ H
16(BT )G satisfies ϕ1(y16) ≡ y16 mod (c1, t7)
2. Then by Lemma 3.1
and the first congruence, y16 = a1q4 + a2q
2
2 + a3q2q
2
1 + a4q1e6. By (3.2) and (3.3),
ϕ1(y) ≡
(
3
2
a1 +
1
2
a4
)
c5c2c1 +
(
−
1
2
a1 + 6a2
)
c4c3c1 + (3a2 + 6a3) c3c
2
2c1 mod (c1, t7)
2.
So y16 is a multiple of x¯16. Thus one gets the second congruence. 
Since ϕ(q1) = q1, the ideal (c1, t7)
2 + (qn1 ) for n ≥ 1 is stable under the action of ϕ1. Then
we can consider elements of H∗(BT ) which are invariant under the action of ϕ1 modulo
(c1, t7)
2 + (qn1 ).
Lemma 3.3. If yi ∈ H
i(BT )G satisfies ϕ1(yi) ≡ x mod (c1, t7)
2+(q21) for i = 20, 24, then
for some a, b, a′, b′, c′ ∈ Z/p,
y20 ≡ ax¯20 + bx¯16x¯4
y24 ≡ a
′x¯24 + b
′x¯20x¯4 + c
′x¯212 mod (t7, p
2
1).
Proof. Suppose that y20 ∈ H
20(BT )G satisfies ϕ1(y20) ≡ y20 mod (c1, t7)
2. Then by
Lemmas 3.1 and 3.2, we may set y20 = a1q5 + a2q3q2 + a3q
2
2q1 + a4q2e6
NOTE ON SAMELSON PRODUCTS IN EXCEPTIONAL LIE GROUPS 7
c22 ∈ (c1, t7)
2 + (q21). Then by (3.2) and (3.3),
ϕ1(y) ≡
(
3
2
a1 − 3a2 +
3
2
a4
)
c6c3c1 +
(
−
1
2
a1 − 5a2 −
1
2
a4
)
c5c4c1
+ (−4a2 + 12a3)c4c3c2c1 +
3
2
a2c
3
3c1 mod (c1, t7)
2 + (q21).
Thus y20 is a multiple of x¯20, and so the first congruence holds.
Suppose that y24 ∈ H
24(BT )G satisfies ϕ1(y24) ≡ y24 mod (c1, t7)
2. Then by Lemmas 3.1
and 3.2 together with the first congruence, we can set y24 = a1q4q2 + a2q3q2q1 + a3q
3
2 +
a4q3e6 + a5q2q1e6 + a6e
2
6. By (3.2) and (3.3),
ϕ1(y) ≡ y +
(
−2a4 −
1
2
a6
)
c6c5c1 +
(
3a1 + 6a2 −
1
2
a4 − 3a5
)
c6c3c2c1
+
(
3a1 + 10a2 +
1
2
a4 + a5
)
c5c4c2c1 +
(
−3a1 −
1
4
a4
)
c5c
2
3c1
+
(
1
2
a1 + 18a3
)
c24c3c1 − 3a2c
3
3c2c1 mod (c1, t7)
2 + (q21).
Then y24 is a multiple of x¯24, and so the second congruence holds. 
Remark 3.4. In [4], an element −6p3+p2p1−60e6 is chosen to be a ϕ1-invariant by mistake,
which forces to choose p5+p2e6 as a ϕ1-invariant. However, no problem occurs in [4] because
we do not use the term involving e6.
Lemma 3.5. If yi ∈ H
i(BT )G satisfies ϕ1(yi) ≡ yi mod (c1, t7)
2+(q1) for i = 28, 36, then
for some a, b, a′, b′, c′, d′ ∈ Z/p,
y28 ≡ ax¯28 + bx¯16x¯12
y36 ≡ a
′x¯36 + b
′x¯24x¯12 + c
′x¯20x¯16 + d
′x¯312 mod (t7, p1).
Proof. Suppose that y28 ∈ H
28(BT )G satisfies ϕ1(y28) ≡ y28 mod (c1, t7)
2 + (q1). Then by
Lemmas 3.1, 3.2 and 3.3, one may set y28 = a1q5q2 + a2q3q
2
2 + a3q4e6 + a4q
2
2e6. Note that
c2 ∈ (c1, t7)
2 + (q1). Then by (3.2) and (3.3),
ϕ1(y28) ≡ y28 +
(
−12a2 −
1
2
a3 + 6a4
)
c6c4c3c1 +
(
3
2
a1 +
1
2
a3
)
c25c3c1(
−a1 − 10a2 −
1
4
a3 − a4
)
c5c
2
4c1 + 6a2c4c
3
3c1 mod (c1, t7)
2 + (q1).
Then y28 is a multiple of x¯28, and thus the first congruence holds.
Suppose that y36 ∈ H
36(BT )G satisfies ϕ1(y36) ≡ y36 mod (c1, t7)
2+(q1). Then by Lemmas
3.1, 3.2 and 3.3, one may set y36 = a1q5q
2
2+a2q3q
3
2+a3q4q2e6+a4q
2
3e6+a5q3e
2
6+a6q
3
2e6+a7e
3
6,
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and by (3.2) and (3.3),
ϕ1(y36) ≡ y36 +
(
9a4 −
3
2
a5 −
3
4
a7
)
c26c5c1 +
(
−3a3 − 4a4 −
1
2
a5
)
c6c5c
2
3c1
+
(
−6a1 − 36a2 +
1
2
a3 + 18a6
)
c6c
2
4c3c1 + (6a1 + a3)c
2
5c4c3c1
+
(
−2a1 − 20a2 −
1
2
a3 − 2a6
)
c5c
3
4c1 −
1
4
a4c5c
4
3c1 + 18a2c
2
4c
3
3c1
mod (c1, t7)
2 + (q1).
So one can see that y36 is a multiple of x¯36, completing the proof. 
As in [1], there is a map j : Spin(12)→ E7 which is identified with the composite
H∗(BT )W
incl
−−→ H∗(BT )G
proj
−−→ Z/p[p1, . . . , p5, e6].
Then by Lemmas 3.1, 3.2, 3.3 and 3.5, one gets:
Theorem 3.6. For p > 3, the mod p cohomology of BE7 is given by
H∗(BE7) = Z/p[x4, x12, x16, x20, x24, x28, x36]
such that
j∗(xi) = x¯i (i = 4, 12, 16) j
∗(xi) ≡ x¯i mod (p
2
1) (i = 20, 24)
j∗(xi) ≡ x¯i mod (p1) (i = 28, 36).
Corollary 3.7. (1) In H∗(BE7) for p = 5, P
2x16, (P
1)2x24, (P
1)3x36 are decompos-
able such that
(P1)2x16 > −x20x12, P
1x24 > 2x
2
16, (P
1)3x36 > x36x24.
(2) In H∗(BE7) for p = 7, P
1x20, P
1x28 , P
1x36 are decomposable such that
P1x20 > −2x28x4 + x20x12, P
1x28 > −2x28x12 + 4x
2
20, P
1x36 > x28x20.
Proof. (1) By a degree reason, (P1)2x16, P
1x24, (P
1)3x36 are decomposable. By (2.1),
P1p4 > 3p5p1 and P
1p1 > p3. One also has P
1e6 ∈ (e6). Then by Theorem 3.6,
P1j∗(x16) ≡ p5p1 mod (p2, p
2
1, e6) andP
1j∗(x4) ≡ p3 mod (p2, p1, e6),
so that P1x16 > x20x4 and P
1x4 > −x12. Thus P
2x16 > −x20x12.
By (2.1), P1(p4p2) > 3p
2
4. Then by Theorem 3.6,
P1j∗(x24) ≡ 3p
2
4 mod (p
2
2, p
2
1, e6),
implying P1x24 > 2x
2
16.
By (2.1), P1(p5p
2
2) > p5p4p2 + p5p
3
2. Then by Theorem 3.6 and P
1p1 ∈ (p3, p1),
P1j∗(x36) ≡ p5p4p2 + p5p
3
2 mod (p3, p1, e6),
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implying P1x36 > x28x16 − x24x20. By the same argument, we can show that P
1x16 >
3x24, P
1x20 > x28, P
1x28 > 3x36. Then (P
1)3x36 > x36x24.
(2) By a degree reason, P1x20 and P
1x28 are decomposable. By (2.1), P
1p1 ∈ (p4, p
2
2, p1),
P1p5 > −p5p3 + p5p2p1 and P
1(p5p2 − 3p4p3) > 4p
2
5 + 2p5p3p2. Since we can assume that
j∗(x20) does not include a multiple of p3p
2
1, it follows from P
1e6 ∈ (e6) and Theorem 3.6
that
P1j∗(x20) ≡ −p5p3 + p5p2p1 mod (p
2
1, e6),
implying P1x20 > 2x28x4 − x20x12.
By (2.1), P1p1 ∈ (p4, p
2
2, p1) and P
1(p5p2 − 3p4p3) > 4p
2
5 + 2p5p3p2. Since we may assume
that j∗(x28) does not include a multiple of p5p3p1, it follows from P
1e6 ∈ (e6) and Theorem
3.6 that
P1j∗(x28) ≡ p
2
5p2 − p5p3p
2
2 mod (p4, p
3
2, p1, e6)
Then P1x28 = 2x28x12 + 4x
2
20.
By (2.1), P1(p5p
2
2) = p
2
5p2. Then by Theorem 3.6, P
1x36 must include x28x20. 
As well as E8, we make an alternative choice of generators of the mod 7 cohomology of
BE7.
Lemma 3.8. The mod 7 cohomology of BE7 is given by
H∗(BE7) = Z/7[y4, y12, y16, y20, y24, y28, y36], |yi| = i
such that
P1y12 = y24, P
1y24 = y36, P
1y36 > 5y36y12.
Proof. By Theorem 3.6, we can choose y12 such that j
∗(y12) = −6p3 + p2p1 + 60e6. As in
[9], the mod 7 cohomology of B(11, 23, 35) is given by
H∗(B(11, 23, 35)) = Λ(z11,P
1z11, (P
1)2z11), |z11| = 11.
Then we can choose y24 and y36 such that y24 = P
1y12 and y36 = P
1y24. In particular, we
can see from (2.1) that
j∗(y36) ≡ 3p5p
2
2 + 2p
3
3 mod (p1, e6)
P1j∗(y36) ≡ 3p
2
5p2 + p5p3p
2
2 + p
4
3 + 5p
2
3p
3
2 mod (p1, p4 + 3p
2
2, e6).
We may choose y16 to be x16 in Theorem 3.6, so that j
∗(y16) = 12p4+ p
2
2−
1
2p2p
2
1− 36p1e6.
Thus by looking at the term p5p3p
2
2 in P
1j∗(y36), we obtain P
1y36 > 5y36y12. 
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4. Proofs of Theorems 1.1 and 1.2
We refine a criterion for non-triviality of Samelson products used in [2, 3, 4, 5, 6]. See [7]
for another refinement.
Lemma 4.1. Let X be a simply-connected space such that
H∗(X) = Z/p[x1, . . . , xn], |x1| < · · · < |xn|
and let α¯ : ΣA → X and β¯ : ΣB → X be maps. Given a cohomology operation θ, suppose
that there is 1 ≤ i, j, k ≤ n satisfying the following conditions:
(1) α¯∗(xi) 6= 0 and β¯
∗(xj) 6= 0;
(2) dimA = |xi| − 1 and dimB = |xj| − 1.
(3) θxk is decomposable such that θxk > cxixj for c 6= 0;
(4) for any extension µ : ΣA× ΣB → X of α¯ ∨ β¯ : ΣA ∨ΣB → X, θµ∗(xk) = 0.
Then
〈α, β〉 6= 0
where α : A→ ΩX and β : B → ΩX are the adjoint of α¯ and β¯, respectively.
Proof. Suppose 〈α, β〉 = 0. Then since the Whitehead product [α¯, β¯] is the adjoint of 〈α, β〉,
[α¯, β¯] = 0, implying that there is a homotopy commutative diagram
ΣA ∨ ΣB
α¯∨β¯
//

X
ΣA× ΣB
µ
// X
for some map µ. So
µ∗(xi) ≡ α¯
∗(xi), µ
∗(xj) ≡ β¯
∗(xj) mod H˜
∗(ΣA× ΣB)2.
By |x1| < · · · < |xn| and the conditions (1) and (2), µ
∗(y) = 0 for any decomposable
monomial y which is not a multiple of xixj. Then it follows from the condition (3) that
µ∗(θxk) = µ
∗(cxixj) = cµ
∗(xi)µ
∗(xj) = c(α¯
∗(xi)× β¯
∗(xj)) 6= 0.
On the other hands, by the condition (4), θµ∗(xk) = 0. Thus we obtain a contradiction,
and therefore 〈α, β〉 6= 0. 
Lemma 4.2. Let ǫ1 : B(3, 11, 19, 27, 35) → (E7)(5) and ǫ2 : B(15, 23) → (E7)(5) be the
inclusions. Then for each i, j, 〈ǫi, ǫj〉 6= 0.
Proof. Set B1 = B(3, 11, 19, 27, 35) and B2 = B(15, 23), and let ǫ¯i : Bi → (BE7)(5) be the
adjoint of ǫi for i = 1, 2. Clearly,
ǫ¯1(xi) 6= 0 (i = 4, 12, 20, 28, 36) and ǫ¯2(xi) 6= 0 (i = 16, 24).
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By a degree reason, (P1)3H36(ΣB
(35)
1 × ΣB
(23)
2 ) = 0 and P
1H24(S16 × S16) = 0. Then by
Corollary 3.7, we can apply Lemma 4.1, so that 〈ǫ1|B(35)1
, ǫ2|B(23)2
〉 6= 0 and 〈ǫ2|S15 , ǫ2|S15〉 6=
0. Thus 〈ǫ1, ǫ2〉 6= 0 and 〈ǫ2, ǫ2〉 6= 0. Since P
1H11(B1) = 0 as in [9], we also have
(P1)2H16(ΣB
(11)
1 × ΣB
(19)
1 ) = 0. Then by Corollary 3.7, we can also apply Lemma 4.1, so
that 〈ǫ1|B(19)1
, ǫ1|B(11)1
〉 6= 0. Thus 〈ǫ1, ǫ1〉 6= 0, completing the proof. 
Lemma 4.3. Let ǫ1 : B(3, 15, 27) → (E7)(7), ǫ2 : B(11, 23, 35) → (E7)(7), ǫ3 : S
19 → (E7)(7)
be the inclusions. Then for each i, j, 〈ǫi, ǫj〉 6= 0.
Proof. Set B1 = B(3, 15, 27) and B2 = B(11, 23, 35), and let ǫ¯i denote the adjoint of ǫi for
i = 1, 2, 3. Clearly,
ǫ¯1(xi) 6= 0 (i = 4, 16, 28), ǫ¯2(xi) 6= 0 (i = 12, 24, 36), ǫ¯
∗
3(x20) 6= 0.
Since P1H28(S20 × S20) = 0, it follows from Corollary 3.7 that we can apply Lemma 4.1,
so that 〈ǫ3, ǫ3〉 6= 0. Since P
1H20(S12 × S20) = 0, by Corollary 3.7 and Lemma 4.1, we also
get 〈ǫ2|S19 , ǫ3〉 6= 0, implying 〈ǫ2, ǫ3〉 6= 0.
As in [9], P1H15(B1) = 0, and so
P1H20+k(ΣB
(27)
1 × S
4+k) = 0 (k = 0, 8, 16).
Then by Corollary 3.7 and Lemma 4.1, 〈ǫ1|B(27)1
, ǫ1|S3〉 6= 0, 〈ǫ1|B(27)1
, ǫ2|S11〉 6= 0 and
〈ǫ1|B(27)1
, ǫ3〉. Thus 〈ǫ1, ǫ1〉 6= 0, 〈ǫ1, ǫ2〉 6= 0 and 〈ǫ1, ǫ3〉 6= 0.
Consider the cohomology generators in Lemma 3.8. Note that ǫ¯1(y28) 6= 0 and ǫ¯3(y20) 6= 0.
Let µ : ΣB
(12)
2 × ΣB
(35)
2 → (BE7)(7) be any extension of ǫ¯2|ΣB(23)2
∨ ǫ¯2|ΣB(23)2
: ΣB
(23)
2 ∨
ΣB
(23)
2 → (BE7)(7). By a degree reason, µ
∗(y12) = Σu11 × 1 + 1 × Σu11, where u11 is a
generator of H∗(B2) of dimension 11. Then by Lemma 3.8,
µ∗(y36) = (P
1)2Σu11 × 1 + 1× (P
1)2Σu11,
implying P1µ∗(y36) = 0. On the other hand, P
1y36 is, clearly, decomposable. Then it
follows from Lemmas 3.8 and 4.1 that 〈ǫ2|B(23)2
, ǫ2|B(23)2
〉 6= 0. Thus 〈ǫ2, ǫ2〉 6= 0. 
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. Combine Lemmas 4.2 and 4.3. 
The homotopy groups of the factor spaces of the mod 7 decomposition of E8 are calculated
in [9]. In particular, one has:
Lemma 4.4. πk(E8)(7) = 0 for k = 12i+ 6 with 0 ≤ i ≤ 6.
From [11, Theorem 3.1, Lemma 4.2] one can easily deduce the following.
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Lemma 4.5. Let B = B(3, 15, 27, 39) be a factor space of the mod 7 decomposition of E8.
Then there is a subcomplex A = S3 ∪ e15 ∪ e27 ∪ e39 of B such that the inclusion ΣA→ ΣB
has a left homotopy inverse r : ΣB → ΣA satisfying a homotopy commutative diagram
ΣB
j
//
r

(BE8)(7)
ΣA
j|ΣA
// (BE8)(7)
where the map j is the adjoint of the inclusion B → (E8)(7).
We finally prove Theorem 1.2.
Proof of Theorem 1.2. Set B1 = B(3, 15, 27, 39) and B2 = B(23, 35, 47, 59). Let A be a
subcomplex of B1 in Lemma 4.5. Since A∧A has cells in dimension 12i+6 for 0 ≤ i ≤ 6, it
follows from Lemma 4.4 that 〈ǫ1|A, ǫ1|A〉 = 0. Then the corresponding Whitehead product
[j|ΣA, j|ΣA] is trivial so that the map j|ΣA ∨ j|ΣA : ΣA ∨ ΣA → (BE8)(7) extends over
ΣA×ΣA, where j : ΣB1 → (BE8)(7) denotes the adjoint of ǫ1 as in Lemma 4.5. Thus there
is a homotopy commutative diagram
ΣB1 ∨ ΣB1
r∨r
//

ΣA ∨ΣA
j|ΣA∨j|ΣA
//

(BE8)(7)
ΣB1 × ΣB1
r×r
// ΣA× ΣA // (BE8)(7)
.
By Lemma 4.5, the composite of the top maps is j∨ j, implying [j, j] = 0. Thus 〈ǫ1, ǫ1〉 = 0.
Since P1H15(B1) = 0 as in [9], P
1H40(ΣB
(27)
1 × ΣS
24) = 0. Then by Lemmas 2.2 and 4.1,
〈ǫ1|B(27)1
, ǫ2|S23〉 6= 0, implying 〈ǫ1, ǫ2〉 6= 0.
Consider the cohomology generators in Lemma 2.3. Then ǫ¯2(yi) 6= 0 for i = 24, 48. Let
µ : ΣB
(47)
2 ×ΣB
(23)
2 → (BE8)(7) be any extension of ǫ¯2|ΣB(47)2
∨ ǫ¯2|ΣB(23)2
: ΣB
(47)
2 ∨ΣB
(23)
2 →
(BE8)(7). By a degree reason, µ
∗(y24) = Σu23 × 1 + 1 × Σu23, where u23 is a generator of
H∗(B2) of dimension 23. Then by Lemma 3.8,
µ∗(y60) = (P
1)3Σu23 × 1 + 1× (P
1)3Σu23,
implying P1µ∗(y60) = 0. On the other hand, P
1y60 is decomposable by a degree reason.
Then it follows from Lemmas 2.3 and 4.1 that 〈ǫ2|B(47)2
, ǫ2|B(23)2
〉 6= 0. Thus 〈ǫ2, ǫ2〉 6= 0. 
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